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Abstract
We present the best constant and the extremal functions for an Improved Hardy–Sobolev inequality. We
prove that, under a proper transformation, this inequality is equivalent to the Sobolev inequality in RN .
© 2010 Elsevier Inc. All rights reserved.




















which holds for any function v ∈ C∞0 (0,R). This inequality may be obtained from a more general
inequality [26, Theorem 4] (see also [22, Lemma 2.2]). However, as Prof. V. Maz’ya pointed to
us this inequality is also obtained from Bliss’ inequality [9] (for the derivation of this inequality
and some related discussion we refer to Section 2). In this work, we prove that under a proper
transformation inequality (1.1) is equivalent to the Sobolev inequality in RN and consequently
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N.B. Zographopoulos / Journal of Functional Analysis 259 (2010) 308–314 309we obtain the best constants and the minimizers for (1.1). The best constant in the Sobolev
inequality in RN :
∫
RN







as it is well known, see [5,25,30], is
S(N) = N(N − 2)
4






where SN is the area of the N -dimensional unit sphere and the extremal functions are
ψμ,ν
(|x|)= (μ2 + ν2|x|2)−(N−2)/2, μ = 0, ν = 0.
For a quantitative version of the sharp Sobolev inequality we refer to [17].
Lemma 1.1. Inequality (1.1) under the transformation









is equivalent to (1.2). The best constant is











where ωN denotes the Lebesgue measure of the unit ball in RN and the minimizers are










, μ = 0, ν = 0. (1.5)
It is clear that φ may be continuously defined as φμ,ν(0) = μ−(N−2) and φμ,ν(R) = 0.





















in the radial case, i.e. where BR is the open ball in RN , N  3, of radius R centered at the origin
and u ∈ C∞(BR \ {0}) is a radially symmetric function. The same result was proved in [27], with0
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necessarily radial case) IHS inequality was proved: Let Ω be a bounded domain in RN , N  3,

























holds for any u ∈ C∞0 (Ω \ {0}). From the discussion in [22,27], it is clear that the nature of (1.7)
depends on the distance of D from D0, for instance, in the case where D = D0 the author in [27]
proved that the inequality cannot hold if we consider nonradial functions.
Both papers follow the approach that is based on the following change of variables (this
approach was introduced in [12] and followed in various ways by many authors). For any
u ∈ H 10 (Ω) we set
u = |x|N−22 v (1.8)














Then, inequality (1.7) is equivalent to
∫
Ω














and which in turn is equivalent, in the radial case, to (1.1). As a consequence of Lemma 1.1, we
have that:











N−2 |v(|x|)| 2NN−2 dx)N−2N
, (1.11)
is
CHS := S(N)(N − 2)−2(N−1)/N (1.12)













where the infimum is taken over the radially symmetric functions in C∞0 (BR).
Observe that we may continuously define vμ,ν(0) = μ−(N−2) and vμ,ν(R) = 0.
For the nonradial case, i.e. Ω is an arbitrary bounded domain in RN , containing the origin,
D0 = supx∈Ω and D > D0, we refer to the work [2].
For Hardy inequalities and their possible improvements we refer to [10–13,18–20,22,29,33]
and for various type of Hardy–Sobolev inequalities we refer to the works [1,3,4,6–8,14–16,21,
23,24,28,31,32].
Notation. In the sequel we often use the notation r = |x|. Also we assume that our domain is B1,
i.e. R = 1.
2. Inequalities (1.1) and (1.6)

































where ν∗ is the absolutely continuous part of ν, is finite. Moreover, if C is the best constant in
(2.1), then






Inequality (1.1) is obtained (see [22, Lemma 2.2]) by setting p = 2, q = 2N/(N − 2), f (r) =
v′(r), μ(r) = r−1(− log r)−2(N−1)/(N−2)χ(0,1) dr and dν = rχ(0,1) dr .
As Prof. V. Maz’ya pointed to us inequality (1.1) may also be obtained from Bliss’ inequality:
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K = 1
l − h − 1
[
hΓ (l/h)
Γ (1/h)Γ ((l − l)/h)
]h
.
Moreover, equality holds in (2.3) if and only if
v(x) = (a + bx−h)−1/h, (2.4)
for arbitrary positive constants a and b.
In the case now where k = 2 and l = 2N/(N − 2) we have that h = 2/(N − 2) and l − h =
2(N − 1)/(N − 2). Hence (2.3) is equal to
∞∫
0






As an alternative proof of Lemma 1.1 we may prove the following.
Lemma 2.1. (a) Inequality (2.5) under the change of variables
t = − log r
is equivalent to (1.1).
(b) Inequality (2.5) under the change of variables
t = r−(N−2)
is equivalent to (1.2).
We now give the proof of Lemma 1.1.
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1∫
0




∣∣w(t)∣∣ 2NN−2 (N − 2)t−(N−1)r dt




























Then, the best constant and the minimizers are given by (1.4) and (1.5), respectively, and the
proof is completed. 
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